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Abstract-The time evolution of the mean properties of a binary system is studied as one component 
crystallizes at a constant temperature boundary from either a semi-infinite or a confined liquid. Regimes 
are identified where the evolution is controlled by convective transport from the liquid, conduction of heat 
through the crystals, or the limited resources of a confined system. For a confined liquid there are different 
time-scales for change of temperature and concentration. There is good agreement between the predictions 
of the equations and the results of experiments where a binary aqueous solution crystallizes at a side 
boundary. The experimentally determined Sherwood number is an order of magnitude greater than that 

for laminar convection from a flat wall. and this is attributed to the roughness of the crystal interface. 

1. INTRODUCTION 

RECENT interest in crystallization in confined systems 
has arisen from applications in geology and metal- 
lurgy. Crystallization at a boundary may provide a 
mechanism for the differentiation of magmas when 
they solidify in chambers in the earth’s crust [l, 21, 
and also of binary alloys [3]. 

Investigations in this field have concentrated on 
crystallization from a single flat, vertical, horizontal or 
sloping boundary and have consisted of experimental 
observations of liquid differentiation in aqueous solu- 
tions [2, 41 or a mathematical treatment of a two- 
component boundary layer [5-71. The present work 
gives a one-dimensional mathematical analysis of cry- 
stallization from a vertical wall. It aims at a quan- 
titative description of the volume averaged properties 
of the system, without reference to the vertical differ- 
entiation of the liquid or the detailed structure of the 
boundary layer. 

Figure 1 is a diagram of a typical experiment. The 
crystals grow outwards from the cold wall in a tightly 
packed aggregate with a surface roughness of a few 
millimeters. In the cold, depleted boundary layer the 
compositional effect on buoyancy dominated so there 
was upward flow and the tank became stratified from 
the top downwards as the boundary layer fluid was 
expelled into the environment. Because the most 
depleted fluid was also the coldest, the stratification, 
while stable in density was unstable with respect to 
temperature and the lower part of the compositionally 
stratified region broke up into double-diffusive layers. 
The emphasis of this paper is on changes in volume 
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averaged properties only, and the purpose of describ- 
ing the differentiated environment is to give a realistic 
impression of the system that is being modelled. 

The laboratory system is not readily accessible to 
rigorous mathematical analysis. The following analy- 
sis calls upon only the basis laws of conservation, 
some simplifying assumptions are made and key par- 
ameters must be measured from the experiments. It 
has been found possible to produce a simple model of 
the evolution of the system, which is justified by its 
good agreement with the experiments. 

2. EXPERIMENTS 

The solute used in the experiments was sodium 
carbonate which forms a decahydrate crystal 
(Na,CO,* lqH,O). It has a high solubility in water 
and the saturation concentration is a strong function 
of temperature (Fig. 7). The apparatus used is shown 
in Fig. 2. The experimental tank was made of plexi- 
glass except for the cold wall which was a heat exch- 
anger. The copper surface of the cold wall was scored 
diagonally at 1 mm intervals to provide easy sites for 
nucleation. The tank was insulated by 10 cm thick 
expanded polystyrene. Experiments were carried out 
for two different tank lengths and to change the length 
a 10 cm block of expanded polystyrene was inserted 
into the end of the tank. 

Ethanol (50 1) was precooled to about - 18°C by 
an FTS FC40 refrigeration unit, and then circulated 
through the heat exchanger by a Braun 1480 Ther- 
momix. The temperature of the cold wall was regu- 
lated at 0°C. 

Two thermistors (Fenwell GB38P12) were tracked 
up and down through the solution to record the time- 
changing temperature profiles. Concentration profiles 
were determined by withdrawing samples of the solu- 
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NOMENCLATURE 

c specific heat [J kg- ’ ‘C ‘1 Greek symbols 
C concentration [kg mm31 CI coefficient of thermal expansion [“C _ ‘1 
D diffusivity of concentration [m’ s ‘1 B compositional equivalent of CI [m’ kg- ‘1 
e roughness height [m] K thermal diffusivity [m2 s- ‘1 

Y acceleration of gravity [m s ‘1 1 growth rate parameter 
11 h,+h, n;. ~4~~ ToGWhclh) 
hc (Ap,lk,H)(ml(C,-C,))DSh A latent heat [J kg.- ‘1 

11, k, NulksH \’ kinematic viscosity [m’ s ‘1 
H height of reservoir [m] /-’ density [kg m ‘1 
k thermal conductivity [w m- ’ “C- ‘1 r< ((Cs- C,A/(G - G)WLID Sh) 
L length of reservoir [m] rr pr.c,HLlk, Nu. 
1-e Lewis number, K/D 

Ntl Nusselt number, (H/AT)(dT,,/dx) Subscripts 
Pr Prandtl number, V/K c concentration 
RU, Rayleigh number, gaAZY3/vK C value at equilibrium 
RS, compositional Ra, g,!3ACz’/vD I initial value 
Sh Sherwood number, (H/AC)(X,,/a.lc) L liquid 
t time [s] S solid 
T temperature [-Cl T temperature 
x horizontal distance [m] X interface 
X position of interface [m] 0 value at x = 0 
.Y vertical distance [ml. x2 limitast+co. 

tion and measuring their density to six figure accu- 
racy with a Paar DMA density meter. The average 
temperature and concentration of the liquid were cal- 
culated from the integrated profiles. Experiments were 
run for varying lengths of time and the crystal mass 
weighed and analyzed to find the average crystal wall 
thickness and composition as a function of time. 

In finding the heat transfer from the liquid to the 
crystal interface it was necessary to allow for the heat 
gained from conduction through the polystyrene insu- 
lation and from cooling the plexiglass walls. The 
design of the tank was not ideal in that the thick 
plexiglass walls had considerable heat capacity. 

For about the first half hour, the heat transfer to 
the solution was so high that the cold wall could not 
be maintained at a constant temperature. Since the 
boundary conditions then were unrepresentative, for 
comparison with the analysis the time was counted 
from 15 min (12 min for the shorter tank) after the 
actual start of the experiment. At this initial time ti it 
was assumed that the crystal thickness was zero and 
the temperature was the measured temperature in the 
tank. 

3. EXPERIMENTAL RESULTS 

Figure 3 is a schematic diagram of the system. The 
model deals with quantities which are averaged over 
height and so the diagram depicts one-dimensional 
solidification in a cdntined region of length L. The 
solid-liquid interface X(t) advances in the X-direction 
from the ‘contact’ (x = 0) which is held at a constant 

temperature, and as it does so the temperature Ti_ 
and concentration C, of the liquid decrease. We are 
interested in the thickness of the crystals, the prop- 
erties of the liquid and the conditions at the interface, 
T,r and C, as a function of time. 

Figure 4 shows a plot of X(t). It is seen that crystal 
growth is very similar for both tank lengths and 
closely follows a power law 

Xcc to 625. (1) 

Figure 5 shows that over most of the time of the 
experiment the average temperature and con- 
centration of the solution fall approximately expo- 
nentially with time and that the time-scales are shorter 
for the shorter tank. The exponential behavior is not 
so apparent for the temperature of the shorter tank 
because of heat leakage, as will be discussed in Section 
5. The lines give the fit of the analytical model. 

In addition to these measured quantities, it is essen- 
tial to know the conditions at the solid-liquid inter- 
face. In one experiment, TX was measured as a func- 
tion of time and height by holding a thermistor against 
the crystal surface (Fig. 6). The thermal boundary 
layer, the crystal roughness and the thermistor bead 
were all about the same size (1-2 mm) so the scatter 
of the data is not remarkable and the results are prob- 
ably a good indication’of the temperature seen by 
the ‘average’ interface. The results from a thermistor 
which was held fixed as the crystals grew past it agrees 
well. 

Once the tank became stratified, TX varied with 
height, however the average temperature was constant 
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dandritic cry8ialo 

- boundary layer 

FIG. 1. Schematic diagram of typical side-crystallization experiment. 

to within +O.S’C, which is within the resolution of 
the measurements. Isolated values of the interface 
temperature taken in other experiments under differ- 
ent conditions are plotted as a function of initial liquid 
concentration in Fig. 7. The data run quasi-parallel 
to the saturation curve. 

The forms of these curves will be explained in Sec- 
tion 5, after the development of the analytical model. 

4. ANALYSIS 

In this section a simple mathematical model of the 
system will be derived from the conservation laws of 

mass and heat. The model describes the evolution of 
the mean properties of the system-the temperature 
and concentration in the liquid and at the interface, 
and the quantity of crystallized solid. The key par- 
ameters Sh and i?u must be found experimentally. 

The analysis is applied to the simplest case of a 
saturated solution in a semi-infinite region, and then 
the complications of superheat and a confined 
environment are added. First the results of the classi- 
cal solidification problem are given for reference. 

4.1. The classical solidification problem 
The classical Stefan problem of a phase change 

boundary advancing into a semi-infinite melt 
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FIG. 2. Experimental apparatus. The tank was 15 cm wide. Symbols indicate connections between pieces 
of equipment. 



2090 A. M 

To 
I I I 

0 X L 
X 

FIG. 3. Experimental system considered as a one-dimensional 
solidification problem. 

(CL = C,) from a constant temperature wall was 
solved by Neumann and is set out in ref. [8]. It is a 
one-dimensional heat conduction problem and r,Y is 
constant at the melting temperature. 

Solving the thermal energy equations with the 
appropriate boundary conditions yields the tem- 
perature in the liquid and the solid as functions of 

time and position, TL(.r, t), T,(.Y, t). The position of 
the interface is given by 

X = 2/J.(IQ) ‘* z (2) 

where 1 is the growth rate parameter. For the special 
case of T,% = T, and for small values of I. 

(3) 

The classical system evolves according to the inverse 
square root of time. The crystal growth rate (and 
hence the latent heat release) and the fluxes of sensible 
heat out of the liquid and the solid all vary as t I”. 
and so the contributions to the total heat flux from 
these three sources remains in the same proportion. 

LEITCH 

0.1 - 

(a) 0.06 I I I I 
0 1 2 3 4 

t (h) 

(b) 

t (h) 
FIG. 5. The normalized temperature (a) and concentration 
(b) of the liquid as a function of time: A, L = 29.4 cm: n , 
L = 20 cm ; solid lines, theoretical solution. NormalizaGon 
with respect to 1, initial conditions and measured T,k for the 
longer tank. T,% for L = 30 cm was taken from the theoretical 

solution. 

4.2. The experimental system : the equations 
The experimental system differs from the one above 

in that : (1) the liquid is in a confined region: (2) 
transfer between the liquid and the interface is by 
convection rather than conduction ; and (3) the liquid 
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t(h) FIG. 6. The temperature TX at the crystal-liquid interface as 

FIG. 4. The thickness X of the solid as a function of time: a function of height at times indicated (L = 29.4 cm). * is 

a, L = 29.4 cm : W. L = 20 cm. Dashed line X = 0.941” 625. the result from a fixed thermistor. 
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FIG. 7. The saturation curve for Na*CO, over the range of 
experimental conditions. The dashed line is equation (10). 
The points are measured values of TX, and the dotted line is 

the theoretical prediction of TX as a function of C,. 

is a solution not a melt, so mass transfer as well as 
heat transfer limits the crystal growth. 

For the classical problem there are three unknowns, 
T&, t), T,(x, t) and X(t). In the experimental system, 
there are seven: Tr(t), T,(t), X(t), CL(t), Cs(t), T,(t) 
and Cx(t), which can be solved for using the following 
seven equations. 

If the assumptions are made that the concentration 
of the soIid is fixed and the temperature distribution 
through the layer of crystals is linear then 

Cs = constant (4) 

Tsk 4 = 
XV,- To) 

X(0 

The conservation laws for heat and mass, at the inter- 
face and within the confined region, respectively, can 
be written as 

Finally, if the equilibrium (saturation) curve is 
approximated by a straight line 

C, zz mT,+b (10) 

then the assumption of equilibrium at the interface 
implies 

C, = mT,+b. (11) 

Figure 7 shows the saturation curve for Na,CO,. Over 
the experimental range of concentrations (CL = 35& 

550) a good linear approximation is given by m = 26 
and b = 52. 

In the experiments Cs changed only 3% over 2 h. 
T, would actually be curved, the difference in the 
thermal gradients at x = 0 and X corresponding to 
the heat flux required to cool the growing solid. For 
the experimental conditions this flux was only 5% of 
the flux through the solid so the temperature gradient 
was almost linear. Strictly speaking, there must be 
some degree of supercooling at the interface (i.e. 
C, > C,(T,)) for growth to occur, but in general this 
is unknown and very hard to determine. For the 
experiments it is likely to be small, so equation (11) is 
taken as a good approximation. 

Eliminating dX/dt from equation (6) with the use 
of equation (7), the expression for conservation of 
heat at the interface becomes 

ks T+ (33&5+)sh 

+h 

In this form it is clear that the heat conducted out of 
the system has its source in convective mass transfer 
and heat transfer, and that a balance is reached 
through the variation of the interface conditions. 

The concentrations CL and C, can be eliminated 
from the equations using the linear relationship 
between concentration and equilibrium temperature, 
equations (IO) and (11). Thus the seven equations are 
reduced to four, in terms of the temperatures T,, TX 
and TL and the solid thickness X. Equations (12) and 
(7)-(9) become 

TX- To 
__ = h&T,-Tx)+hT(TL-TX) x (13) 

(14) 

(15) 

(16) 

with initial conditions 

X = 0, T, = T,,, TL = TL, at t = 0. (17) 

Some groups of variables have been combined into 
new parameters. The h’s are normalized convective 
heat transfer coefficients, 1, is a modified growth rate 
parameter, and the z’s are time-scales for change in 
the liquid. The h’s and r’s are time dependent through 
the variation of C,- C,, Sh and Nu, however as a 
first approximation it will be assumed that they are 
constants. 

Finally, the normalized equations (13)-( 17) can be 
nondimensionalized using the scheme given in 
Table 1 
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Table 1, Dimensionless parameters in terms of normalized parameters and physical quantities 

Parameter Normalization 
-.._ 

Dimensional description 

[(psA~(Cs- C,))D Shfk ~~l(~/~,H) 
[(&m/(Cs - C,))D Sh + kL Nul[(C, - C,)/(Cs - Cl-)]@ Sh/ksH’H 

[I+ (k WD Sh)((C, - Cx)/p@)l~ ’ 
(D Shh Nu)[(cs - c,)/(cs - C,Y)] 

[(psAm/(Cs- C,)P Sh+k Nul[(C~ - Cd/C,- G)l(L/kH) 
KwW(G - Cx)P Sh +k ~4Wk,H) 

[(T,I - Tu)/Uc, - 7’,)1[1+ CD Wk, W(P,~MCS- C,))l- ’ 
_.___ - 

(‘8) 

(19) 

(20) 

by convective transport and the wall grows approxi- 

(21) 

x = 0, 0, = 1, 0, = I - ,;,, at t* zz 0, 
(22) 

Differentiation is with respect to normalized time t*. 

Equation (18) (cf. equation (12)) describes the heat 
balance at the interface between conduction (left-hand 
side) and convection, and equation (19) the growth 
rate of the crystal layer as a result of the mass transfer 
from the liquid. Equations (20) and (21) describe the 
rate of change of temperature and concentration in 
the confined liquid as a result of convective transfer 
to the solid-liquid interface. The complexity of the 
dimensional expressions in Table 1 is principally due 
to the complexity of h, which incorporates both ther- 
mal and compositional convective transfer. 

4.3. Semi-in$nite liquid 

In an unconfined environment the temperature and 
concentration of the liquid, 0,. and 19,, are constants 
and equations (18) and (19) alone describe the system. 
If the liquid is saturated (i.e. 0, = 0,) then equation 

(18) becomes 

o.= 2 \ 
s-t 1 

(23) 

so that the interface temperature 0, varies from 0 to 
1 (i.e. T, varies between T,, and T,) as x increases.The 
crystal wall and the convective boundary layer can be 

seen as two thermal resistances in series. x, the ratio 
of X and 1 /h, is a scaling of the crystal thickness which 
indicates the relative importance of conduction and 
convection. 

Solving equations (18) and ( 19) gives 

.Y = (1+2t*)“‘- 1 (24) 

Br = 1 - (1 +2t*) - ‘/2. (25) 

At small.valucs of .u ( cc 1) crystal growth is controlled 

mately linearly 

.X Z t*; 0, z t*. (26a,b) 

At large values of x (>> 1) the growth rate is controlled 
by conduction of heat through the wall and 

xs(2t*)‘:‘: U.,-+l (27a.b) 

or 

X z 2&(iiSt)‘*2 ; T,. + T,. (28a,b) 

Equation (28a) has the same form as Neumann’s 
result equation (2) and the choice of the parameter 
name 1, becomes clear. 

A plot of the normalized crystal thickness and inter- 
face temperature as a function of time is shown in Fig. 
8(a), together with dimensional scales appropriate to 
the experimental conditions. It is seen that equations 
(26) are a good approximation for less than a minute, 
when the crystal thickness is less than 1 mm. A lab- 
oratory experiment of a few hours takes place mainly 
in the transition region between the two limits. 

4.3.1. Supercooled/heated semi-injnite liquid. When 
the semi-infinite liquid is not on the saturation curve, 

equation (18) becomes 

where R (Table 1) is the ratio of the transport rate of 
the excess sensible heat to the transport rate of the 
‘saturation’ heat (sensible plus latent). If the liquid is 
supercooled R is positive. Solving equation (29) with 
equation (19) gives 

t*=x[.x+(l-k)lnll+Kxj] (30) 

O,Y = Il-R1[l-(l+2t*)-“2]. (31) 

At small .Y (CC l/l 1 -RI) equation (26a) is recovered, 
but the interface temperature is modified because a 
different amount of sensible heat is supplied along 
with the latent heat 

X x t *; OX z II-R/t*. (32a,b) 

At later times (x >> (R - 1 l/R) for positive R 
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FIG. 8. Normalized interface position x and temperature f& 
in a semi-infinite liquid : (a) saturated liquid ; (b) superheated 
(R = -0.2) and supercooled (R = 0.2) liquid. Dimensional 
scales appropriate to the experimental system. Dashed lines 

are asymptotes given by indicated equations. 

xxRt”, ex + Il-RI. (3344 

Again growth is linear because it is controlled by 
convective transport. The factor R occurs because it 
is controlled by h, and the supercooling T, - TL rather 
than by h and T, - TO. 

If the liquid is superheated (R < 0) then small time 
behavior is still described by equations (32), but as 
t* -+ cc a maximum value of x is approached 

when the superheat supplied by thermal convection is 
exactly balanced by conduction through the solid. The 
existence of this maximum for the case of ice freezing 
in a semi-infinite environment was pointed out in ref. 

191. 
The behavior of the non-saturated system is illus- 

trated in Fig. 8(b) for values of R = 0.2 and -0.2. For 
the experimental parameters this corresponds to a 
superheating/cooling of about 6°C. After a day the 
superheated system has produced its limiting crystal 
thickness of 12 mm. In the same time the saturated 
system forms four and the supercooled system 14 
times as much solid. 

4.4. Contned liquid 

The combination of the five parameters allows for 
a rich variety of behavior as illustrated in Figs. 9(a)- 
(d). Common features follow from the boundary con- 
ditions of the problem. x rises monotonically from 
zero and approaches a limiting value of x, ; 19~ and 
0,, the temperature and saturation temperature (i.e. 
concentration) of the liquid, fall from their initial 
values to zero ; the interface temperature BX rises 
from zero to a maximum value then falls again to 
zero. 

In a finite liquid TL and T, are variables, and the The evolution of the system can be divided roughly 
conditions at the interface vary according to changes into three regimes, as for the semi-infinite case. 

in the environment as well as the changing thickness 
of solid. 

The asymptotic state of the system is one of uniform 
temperature T,, the liquid is saturated and the solid 
has a finite thickness 

T xm, TL, = T,, ~xm, @La? = 0 

c - C,, i.e. 8,, = 0 Lm - 

G-G ( > 1 
x,= ___ 

cs-c, L, 
x, = - 

0s 
(35) 

(6, is an equivalent saturation temperature for the 
concentration of the solid C,.) It is now of interest to 
investigate how the system approaches the asymptotic 
state. 

Equations (18)-(22) can be reduced to 

(36) 

x=0, i-=1, g= - [(l-R)+;] at t* =O. 

(37) 

This second-order non-linear differential equation 
was integrated numerically using Hamming’s pre- 
dictor-corrector method with starting values pro- 
vided by a fourth-order Runge-Kutta. 

The evolution of the system depends on five par- 
ameters (since h; = 1 -h$). hr is a measure of the 
relative importance of compositional and thermal 
convection in determining the conditions at the inter- 
face ; y compares the effectiveness of thermal vs com- 
positional convection in altering the properties of the 
liquid (it contains the heat capacity of the liquid which 
h2_ does not) ; 1 gives the physical size of the system ; 
R is a measure of the initial supercooling ; x, of the 
initial concentration of the solution. x, is the nor- 
malized time corresponding to t = xc, the time-scale 
for change of liquid concentration. Similarly, yx, cor- 
responds to the time-scale zr for change of liquid 
temperature. 
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f 
,OOllllill 1Omin lh 5h lday lwk 

changing quickly, .Y K 1. .Y << X, and s << ;‘x,. It takes 
I 1 1 I I I extreme values of the physical parameters, however. 

q 10 for the last three criteria to be important. For the 

lo- -3 experimental conditions it would require L << 2 mm. 

X -1 x 
a solution 500 times as dilute, or a ratio of heat to 

e ,3 (cm) mass transfer 300 times as great. 
1 From Fig. 9 .Y and 0, increase linearly for .Y < 0. I. 

-- .l This corresponds to X < 0.2 mm and I < 30 s so there 

0.1 I I I, .03 are no experimental observations of this growth 

(a) 0.1 1 10 f + Id lo3 & region. 

4.4.2. Long-time hrhc~:io,. After long times com- 
pared with X, and yr,, the crystal thickness approaches 

t 
100 lmin 1Omin lh 5h l&Y 

.‘I, , and B. 0,. 0 b and 0, all decrease to zero expo- 
I I I ncntially with time-scale 

0.01 0.1 1 (b) t* 10 102 103 
+ 4j1*/t* -C 

I” t? i’ .Y. II (3X) 

f 
100lmin 1Omin lh .5h lday lwk The starting values of the exponential decrease must 

! I I I I I 
x, 

/----+O 

however be found from numerical integration of the 

equations through the transitional region. 
If conduction ultimately dominates transport (i.e. 

@.Y, . h:s , >> 1) this snnplifies to 

(39) 

4.4.3. Trunsitionul time hehucior. Figure 9(a) was 
calculated using parameter values for the longer 
experimental tank as found in the next section. It 

I 

loolmin 1Omin lh 5h l&Y lwk 
I I I I I 

FIG. 9. Normalized crystal thickness .Y and temperatures 0, 
(dotted line), &and 0,in a confined region : (a) experimental 
system, L = 29.4 cm, hr = 0.35. ;’ = 0.3, I, = 86, I = 116. 
R = -0.05 ; (b) laminar convective transport (Nu, Sh from 
equations (46)). hr = 0.05, 1’ = 0.03, x’, = 70. I = 100. 
R = - 0.05 ; (c) as for (a) with R = 0.5 (initial supercooling 
of 14°C) ; (d) as for (a) with R = -0.5 (initial superheating 

of 14°C) and y = 3. 

4.4.1. Short-time behavior. When x is sufficiently 
small, x and 19, are given by equations (32), and 
0, and Q,_ are approximately constant at their initial 
values. ‘Small’ x is determined by the criterion 
x << l/l 1 --RI (i.e. convection limits growth) plus cri- 
teria that the conditions in the environment are not 

is seen that the interface temperature 0, reaches a 
maximum and then falls again, and in the transitional 
time period between a few minutes and several hours 
it varies little because the rising value of .Y is com- 

pensated by the falling values of the temperature and 
concentration differences ((I, - fly) and (O,- 0,) 
(equation (18)). 

The concentration U,, the dotted curve. starts at a 
value of 1 (by definition) and decreases gradually to 
meet O,,. From equation (19). N, > II, as long as the 
crystals are growing. 

The liquid temperature 0, starts with a value greater 
than 1 (slightly superheated) and falls, in a similar 
way to U,, towards O.Y. Comparing equations (20) 
and (21). as long as 7 and Or, are not too different 
from 1, we would expect similar behavior from 0, and 
ff,. In the experiments ;I z 0.3 and O,, < 1.1. Because 

the time-scale ratio y < I,& drops more quickly than 
0, and after several minutes the liquid becomes super- 
cooled. This is an important point: in general we 
would expect y < 1 because of the high value of K,/D. 
so in general we would expect systems to become 
supercooled. 

The value of x rises monotonically towards .x,‘ The 
slope .i starts at 1 and asymptotically approaches 
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0, but in between it is influenced by the changing 
conditions in the interior. Figure 8(b) illustrates that 
in an infinite environment at long time the growth 
rate is determined by the supercooling. Analogously, 
crystal growth in the confined environment adjusts 
itself to the instantaneous supercooling. Substituting 
0, from equation (18) into equation (19) 

i=& ;+h:(B,-e,) . [ 1 
(40) 

Thus, for x >> 1 the growth rate is more or less pro- 
portional to the supercooling. 

The next three graphs illustrate the effect of varying 
the parameters. Figure 9(b) was generated using par- 
ameters appropriate to single component laminar 
convection on a flat wall. In this case D cc K,_ so that 
(Table 1) h;ll<< 1 and y -K l--convective mass transfer 
is much slower than heat transfer-and the time-scales 
for change in the concentration and temperature in 
the liquid are widely separated. 

The interface temperature Qx (see equation (19)) 
depends on both compositional and thermal transfer. 
In this case, it is controlled first by one and then by 
the other. Over the time-scale yx,, changes in Ox are 
primarily a balance between the rapid changes in 
liquid temperatures f?,_ and changes in x. 0, reaches a 
peak and falls off slowly as thermal transfer to the 
interface decreases. The large value of h? and the slow 
rate of change of 6, allow Ox to respond sensitively to 
changes in B,_. For t* >> yx, and over the scale x,, ox 
is determined by a balance between concentration 8, 
and x. This occurs even though hr is very small, 
because B,-- 0, is negligible. Note that the laminar 
transfer coefficients result in a greatly reduced crystal 
thickness and interface temperature, a faster change 
in & and a slower change in 0,. 

Figure 9(c) represents a highly supercooled system. 
The crystal growth rate is enhanced and the interface 
temperature depressed. The supercooling maintains 
the initially high growth rate for longer, this decreases 
concentration ee more quickly, and towards the end 
of the transitional period the growth rate is slower 
than for Fig. 9(a). Over most of the transitional period 
ox > eL due to the release of latent heat so that the 
liquid is warmed rather than cooled from the interface. 

The influence of superheat is illustrated in Fig. 9(d). 
As we would expect from Fig. 8(b), ox is increased 
and the growth rate of the crystals is depressed. In 
this example the ratio of time-scales y > 1, and so the 
system does not become supercooled. However, over 
the time-scale yx, the superheat does decrease and the 
crystal growth rate then abruptly increases. 

Varying I (not illustrated in the graphs) changes the 
distance scales and x, influences both distance and 
time-scales. The asymptotic thickness of the solid 
depends on the concentration and reservoir length 

X,l 
x, = __ 

x,+Z’ (41) 

Increasing x, expands the transitional region, and 
decreasing it to O(1) makes the transitional region 
very small so that convection dominates until cry- 
stallization is almost complete. 

5. THEORY VS EXPERIMENT 

The agreement between theory and experiment is 
very good, as shown by a comparison of the data 
points and the theoretical curves in Figs. 46. The 
trends in the data observed in Section 3 were as 
follows. TX was roughly constant; after an initial 
faster decrease, T,_ and CL fell exponentially to the con- 
ditions at the interface, with shorter time-scales for 
the shorter tank length ; X grew as a power law, with 
similar values for the two tank lengths. Figure 7 sug- 
gests that TX as a function of the initial concentration, 
runs subparallel to the saturation curve. 

To explain these trends, we first observe that Fx 
was roughly constant between the recorded times of 
30 min and 3: h. During this time the crystals grew 
about 1.5 cm, a small fraction of the tank length L 
(29 cm). If, then, the approximations are made that 

TX = constant, &X x 1 

then equations (15) and (16) have the solutions 

TL -TX = (TL, - TX) emfir, (42) 

T,-TX = (T,,-T,)e-“‘c (43) 

so that the temperature and concentration of the 
liquid do fall exponentially to the interface con- 
ditions. The thermal and compositional time-scales 
zT and zc are proportional to L, fitting the obser- 
vation of shorter time-scales for the shorter tank length. 

Substituting equation (43) into equation (14) 

LX= (44) 

Expanding out the exponential, the terms in L cancel. 
To a first approximation X is independent of L, 
accounting for the similarity of the curves in Fig. 4. 

The power law behavior is fortuitous. X is influ- 
enced in opposite directions by the falling liquid tem- 
perature and the falling concentration. For the par- 
ameter values of Fig. 9(a) the resulting curve happens 
to fit a power law, however, as Fig. 9(d) indicates, this 
is not the case for all parameter values. 

The data in Fig. 7 suggest that i;’ as a function 
of the initial concentration runs subparallel to the 
saturation curve, whereas the analytical model pre- 
dicts that TX should approach the saturation curve at 
lower Cr. The data, being isolated measurements at 
isolated heights instead of average values, are not 
sufficiently accurate to contest with the model. If more 
accurate data supported this trend, it would indicate 
that h is a function of C,. 
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5.1. Sh and Nu 

The transfer coefficients of heat and concentration 
in two-component boundary layers at a rough surface 
are not in gcncral known--they must be determined 

experimentally. Equations (42) and (43) show that if 
T., is known. they can be determined from the time- 
scales X, and r(. The slopes of the lines in Fig. 5 
between !. and 3: h give values of 

h’tl ‘Z 65 + 6 : Sh = 6200 + 1600. (45) 

The errors given are due to a 25% uncertainty in the 
diffusivity D (4+ I x 1OV lo m’ s- ‘) and 50/o uncer- 
tainties in the interface temperature and in the mea- 
surement of time-scales r. This can be compared with 

what would be expected for single component (i.e. 
only heat or composition) laminar boundary layers 
on a smooth stationary wall with the same bound- 
ary conditions [IO] 

Nu = O.h70Ra:j” z 82 (46a) 

S/r = 0.670Rs;;’ = 800. (46b) 

The measured SI? is 6610 times greater than the value 
for a flat wall and the measured NZI about 20% less. 

The Sherwood number could be enhanced by three 
processes which affect the boundary layer structure- 
turbulence, the counter-flowing thermal boundary 

layer. and the three-dimensional roughness of the sur- 
face. 

For fret convection on a flat wail the critical Ray- 

leigh number for the onset of turbulence is 

Ra, = lO”Pr” (47) 

where estimates of the exponent n vary from 0.5 to 
2.5 [6]. For the laboratory conditions (SC z 4 x lo’, 
Rs zz 5 x IO”) the compositional boundary layer is 

laminar if/z > 1. Surface roughness could decrease the 
transition value, but probably less than a factor of 2 
[IO]. The presence of the destabilizing thermal bound- 
ary layer might have a similar effect [ 111. Direct obser- 
vation of the boundary layer confirms that flow. 

though unsteady, is at most transitional. 
In the experiments the surface roughness is an order 

of magnitude greater than the boundary layer thick- 
ness due to compositional diffusion. It influences 
transport firstly by increasing the surface area of the 
crystal liquid interface and also by changing the flow 
structure in the boundary layer. 

The enhancement of mass transport at rough sur- 
faces is a recognized. if not resolved, phenomenon in 
forced flows [IO]. Increases in Sh by a factor of 4 have 
been observed for turbulent flow through pipes [12- 
141. and up to a factor of 7.5 for rough particles in a 
packed absorber bed [15]. A central problem is a 
characterization of the roughness which will allow 
correlation with transport rates. 

For pipe flow with similar, regular, two-dimen- 
sional grooves perpendicular to the flow [12], there 
was no mass transport enhancement for laminar flow. 

For turbulent flow, the maximum enhancement was 

independent of the roughness height e and occurred 
when the roughness elements penetrated to the tur- 
bulent core. The enhancement was three times that 
due solely to the surface area, and thus primarily due 
to a change in the boundary layer flow field. For 
geometrically dissimilar sets of grooves [13], there 

was a variation in the maximum enhancement which 
correlated inversely with the ratio of pitch to height 
p/e of the grooves. It is argued here that this can be 
largely explained by the variation of the surface area, 
which is proportional to 1 +cr,/p where the geo- 
metrical factor c is of the order of 1. This interpret- 
ation is supported by the fact that the enhancement 
was greater for larger SC, when the compositional 
boundary layer was thinner relative to e. 

In free convection the driving force is within the 
boundary layer itself, and so the geometry of the sur- 
face is still more intimately connected with the mass 
transport process. There has been very little work in 
this area. presumably because of lack of engineering 
applications. With the same equipment as the present 
experiments, an investigation of different surface tex- 
tures [ 161 revealed a systematic change in the bound- 
ary layer structure with surface roughness, but no 

observable correlation of the mass transfer enhance- 
ment, which was between 4 and 13 

Because of the low turbulence in the boundary layer 
and its thinnest relative to the surface roughness, it is 
concluded that the principal reason for this higher Sk 
is probably the increased surface area of the rough 

wall, which allows a larger number of sites for crystal 
growth. Undoubtedly the three-dimensional unsteady 
nature of the boundary layer flow also plays a role. If 
the increased mass flux is directly related to the surface 
area. Sh may increase with time as the wall roughness 
increases, but the data are insufficient to test this. 

With reference to Ntl, the cold thermal boundary 
layer in the experiments is actually flowing upwards 
and its structure will be to a large extent determined 
by the driving compositional buoyancy. In other 
words, Nu will not be determined by Ra”“ but will be 

some function of Rs, Le and the buoyancy ratio I‘. 
That the heat transfer is similar to that predicted 
for a flat wall is reasonable since the boundary layer 
thicknesses (determined in the experiments by the 
roughness of the wall) would be similar. 

5.2. Initial conditions 

In order to compare the model with the data, it is 
necessary to determine Sh and NM (as above) and the 
initial conditions TL, and C,. Since we require X = 0 
at t = 0, the effective C, is simply the initial con- 
centration of the liquid.The corresponding TLI is not 
as obvious because, as described in Section 2, the 
experimental boundary conditions were not ideal in 
the first half hour. The value of 7’,_, should be some- 
where between the actual starting temperature of the 
liquid and the temperature after half an hour. 

The best fit with the data was found by taking 7;, 
equal to the temperature at t,, half way between the 
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actual start and when the constant boundary tem- 
perature was achieved. That the best fit Tr,‘s are phys- 
ically reasonable values, supports the model. 

The temperature data are not fitted as well as the 
concentration data because of the time-dependent 
heat leakage into the system, which was allowed for 
only crudely by assuming a higher effective specific 
heat for the liquid. The heat leakage was particularly 
serious for the short tank. After 3 h it was 50% and 
after 4 h 80% as great as the sensible heat flux through 
the crystals. 

6. SUMMARY AND CONCLUSION 

In this paper is presented a model of a binary liquid 
crystallizing at a constant temperature boundary from 
semi-infinite or confined environments. Heat and 
mass transfer between the solid and the liquid are by 
convection. The model aims to describe experimental 
systems where solutes crystallize out of aqueous solu- 
tions. Often such experiments are designed as dynamic 
analogies of more complex systems such as magmas 
or alloys. By providing an analytical description of 
the experimental system, the extent of the analogy and 
its limitations become more apparent. 

The model is one-dimensional. It assumes that only 
one component crystallizes, the crystal-liquid inter- 
face is at equilibrium, the convective transfer coeffi- 
cients are constant, and the solubility curve is linear. 
Four conservation equations for heat and mass are 
solved to find the evolving properties of the system. 

In a semi-infinite environment there are two asymp- 
totic states (Fig. 8). At short time evolution is con- 
trolled by convection and the crystal thickness and 
interface temperature change linearly with time. At 
long time for a saturated solution growth is limited 
by heat conduction through the crystals : the interface 
temperature approaches that of the liquid and the 
crystal wall grows as the square root of time. For a 
superheated or supercooled liquid, long-time growth 
is controlled by convection, this time of the superheat. 

In a confined environment (Fig. 9) the short-time 
regime is the same as for an unconfined liquid. The 
long-time regime occurs when crystallization is almost 
complete and the conditions in the system expo- 
nentially approach the asymptotic state of uniform 
temperature. Transitional between the two regimes is 
a third, where there is an interaction between the 
growing crystal wall and the changing properties of 
the liquid. The model predicts that the interface tem- 
perature reaches a maximum and may remain 
approximately constant for a significant period of 
time. During this time the conditions in the liquid, to 
a first approximation, exponentially approach those 
at the interface. 

There are two time-scales in this transitional regime, 
one for the change in the temperature and the other 
for the change in the concentration of the liquid. They 
are given by the ratio of the heat or ‘concentration’ 
capacity of the liquid to the convective heat or mass 

transfer rate at the interface. If the time-scales are very 
short then the transitional regime may be effectively 
eliminated; if they are very different in magnitude 
then evolution may be controlled first by one and 
then the other (Fig. 9(b)). An initial large degree of 
superheat can have a significant influence in the tran- 
sitional regime (Figs. 9(c) and (d)). 

Data from experiments, where a confined solution 
was cooled and crystallized from a side wall, agree 
very well with the predictions of the model and allow 
the evaluation of hitherto unknown quantities, the 
heat and mass transfer coefficients from a rough, ver- 
tical, advancing interface. 

The assumptions of constant transfer coefficients, a 
linear solubility curve and equilibrium at the interface 
could easily be relaxed within the framework of the 
model. In the present case, the precision of the data 
does not warrant this. The most serious simplification 
of the model is that it is one-dimensional, so that it 
does not predict the form of the differentiation nor 
allow for the influence of the differentiated liquid on 
the crystallizing boundary. 

The geometry of the confined region has an impor- 
tant influence on the nature and strength of convective 
transport. Crystallization of a heavy component at an 
upper boundary or a light component from a lower 
boundary will not drive convection and Newton’s . 
cooling law approach taken in this paper is inap- 
propriate. See ref. [ 171 for an analysis of this geometry. 

The opposite situation of the crystallization of a 
heavy component from a bottom boundary will drive 
compositional convection and may be expected to 
give good agreement with the model if the convective 
stirring is complete. However, bottom crystallization 
can lead to stratification of the liquid so that the 
fluid in contact with the crystallizing boundary is 
not representative of the average. Although crys- 
tallization at a side boundary will always generate a 
stratified liquid, integrated over the height of the wall 
the average interface is indeed in contact with the 
average liquid conditions and therefore good agree- 
ment with the one-dimensional model is not unex- 
pected. 

The present model is not presented as a realistic 
description of a magma chamber, however, two 
important relevant points emerge from this study. The 
first is the experimental observation of a mass transfer 
rate from a rough interface that is an order of mag- 
nitude greater than that from a flat wall. This should 
be considered when calculations are made of differ- 
entiation rates of magmas. 

The other point is that a shorter time-scale for tem- 
perature compared to concentration change in the 
liquid-particularly likely if cooling takes place at a 
vertical or sloping boundary-will lead to super- 
cooling of the liquid. This may encourage more den- 
dritic or porous walls, crystallization in the interior of 
the magma chamber away from the walls, and will 
certainly act to quickly destroy any superheat a 
magma may have on emplacement. 
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EVOLUTION DE LA CRISTALLISATION D’UN SYSTEME BINAIRE DANS UNE 
REGION CONFINEE 

R&sum&L’evolution dans le temps des proprietes moyennes d’un systeme binaire est ttudiee pendant la 
cristallisation d’un composant sur une frontiere a temperature constante pour un liquide soit semi-infini. 
soit confine. Sont identifies des regimes 00 l’evolution est control&e par le transport convectif dans le 
liquide, la conduction de chaleur a travers le cristal ou par les resources limitees du systtme contint. Pour 

un liquide confini il y a diffkrentes &chelles de temps pour le changement de temperature et de concentration, 
11 y a un bon accord entre les predictions du calcul et les r&hats des experiences quand une solution 
aqueuse binaire cristallise sur une frontiere. Le nombre de Sherwood determine exptrimentalement est, en 
ordre de grandeur, plus grand que pour la convection laminaire sur une paroi plane, et ceci est attribue ii 

la rugosite de l’interface du cristal. 

ENTWICKLUNC DER KRISTALLISATION IN EINEM RAUMLICH BEGRENZTEN 
BIN;IREN SYSTEM 

Zusammenfassung-Die zeitliche Entwicklung des Verhaltens eines binaren Systems wird untersucht, 
wobei eine Komponente an einer Grenze konstanter Temperatur in einer entweder halbunendlichen oder 
begrenzten Fliissigkeit kristallisiert. Es werden Bereiche festgestellt, in denen die Entwicklung durch den 
konvektiven Transport aus der Fliissigkeit geprlgt wird, solche mit Warmeleitung im Kristall als Begren- 
zung oder solche mit begrenztem ZufluB in einem begrenzten System. Bei einer begrenzten Fhissigkeit 
gibt es verschiedene Zeitskalen fiir Temperatur- und Konzentrationsinderungen. Es zeigt sich eine gute 
Ubereinstimmung zwischen Rechnung und Messung bei der Kristallisation einer binlren wHl3rigen Liisung 
an einer seitlichen Begrenzung. Die experimentell bestimmte Sherwood-Zahl ist urn eine GriiSenordnung 
hiiher als die bei laminarer Konvektion an einer ebenen Wand. dies wird der Rauhigkeit der Kristall- 

Grenzschicht zugeschrieben. 

KPHCTAJIJIH3AHHR BMHAPHOR CRCTEMbI B OFPAHHsEHHOfi OEJIACTH 

h,,WTP,(,“I-kkC,I‘i?A,‘eTcn H3MCHCHWC BO ,,~MCHH C~AHt%X CBOikTB 6HHaPHOk CHCTCMbI B CnyYae KPUC- 

T-maumi OAHO~O KohinoneBTa B nony6ecKoBewoiI HJIU 0rpaHaYeHBoii o6nacTH, 3anonHeHBoir xA(uA- 
KOCTbEO, rIpEI n~~~o~~i~iofi TehmepaType Ha rpaauue. YcraHosneHbI pewihtbl, npu KoTopbIx npouecc 

onpe&IeJIneTcs KOHBeKTEBHbIM IIepeZIOCOM B SHJIKOCTII, TCMOnpOBOAHOCTbIO qepe3 KpHCTaJUD-4 HnII 

JUIMIITHpyeTCx orpaHwIeImocrbw, cm2TehfbI. B cnyvae 0rpami~emIoii 06nacw H3hfeHeHmO TeMnepa- 

TypbI a KOHIIeIiTpamni cOOTB~~TCTB~IOT pa3lIWIHbIe BpeMeHHbIe Macnrra6ar. PaC’IeTbI XOpOmO COrJIa- 

CyIOTCR C pe3y,IbTaT- 3KClIePSiMeHTOB, B ROTOPbIX 6aHapHbG BOAHbIii PaCTBOp KPHCT~W’CTCK Y 

60KOBOfi ~~UWJ&I. 3K‘!Il~HMWTZ3.!IbHO HdAeHHOe ‘fBCA0 mepByAa Ha IIOPKAOK 6omme, 9eM npn 
nahf&iHapHOii KOHBeKQE,H OT IUIOCKOfi CTt%ilUi, PTO 06WICHKeTCK IUepOXOBaTOCTbH, MeX+asHOg TaHAUbI 

KpHCTWJIa. 


